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1 Introduction





∂tu + (u · ∇)u − u + ∇π = 0,
∇ · u = 0,
u(0) = u0,
(1)
where u = (u1, u2, u3) is the fluid velocity field, π is a scalar pressure, u0 is the
prescribed initial velocity field satisfying the compatibility condition ∇ · u0 = 0, and
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, ∂i = ∂
∂xi




The global existence of a weak solution to the evolutionary NSE (1) has been
long established by Leray [19] and Hopf [9]; however, the issue of its regularity and
uniqueness remains open up to now. Pioneered by Serrin [26], we began studying the
regularity criterion for the NSE (1); that is, to find some sufficient condition to ensure
the smoothness of the solution. The classical Prodi-Serrin conditions (see [8,24,26])
says that if




= 1, 3 ≤ q ≤ ∞, (2)
then the solution is regular on (0, T ).
This was be generalized by Beira˜o da Veiga [1] by considering the velocity gradient
or vorticity,






≤ q ≤ ∞. (3)






follows directly from (2) and the Sobolev inequality.
In view of the divergence-free condition∇ ·u = 0, it is natural to ask whether or not
we can reduce (2) and (3) to its partial components. One way is to consider regularity
criteria involving only one velocity component, which were done in [3,11,16,20,34,
36]. Another way is to study the possible components reduction of ∇u to ∇u3, see
[16,23,27,35,36]; or to ∂3u, see [2,17,21,22]. In [22], Penel–Pokorný showed that if






, 2 ≤ q ≤ ∞, (4)
then the solution is smooth. This was improved by Kukavica–Ziane [17] to be






≤ q ≤ 3. (5)






. The reason is that in [17],
the estimate of I3 needs to be reconciled with the the estimate of K . Furthermore,
this method was adjusted by Penel–Pokorný [21] to get an anisotropic criterion. For
readers interested in this topic, please refer to [12–15,30] for recent progresses on
regularity criteria of the MHD equations, which contains system (1) as a subsystem.
Later on, Cao [2] employed multiplicative Sobolev inequalities
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and

























to get the following extended regularity condition1






≤ q ≤ 5
2
. (8)
Notice that the lower and upper bounds of q in (8) both are less than those in (5) respec-
tively. Consequently, our best knowledge in this direction is the following sufficient
condition






≤ q ≤ 3. (9)
Some of them was proved in [17], while other parts could only be seen [2].
In this paper,we shall further generalize (7), and improve (5) and (8) simultaneously.
We will show that the condition








− 3 ≤ q ≤ 3 (10)





≈ 1.56207 < 1.6875 = 27
16
,




Before stating the precise result, let us recall the weak formulation of (1), see
[7,18,25,28] for instance.
Definition 1 Let u0 ∈ L2(R3) with ∇ · u0 = 0, T > 0. A measurable R3-valued
function u defined in [0, T ] × R3 is said to be a weak solution to (1) if
1. u ∈ L∞(0, T ; L2(R3) ∩ L2(0, T ; H1(R3));





u · [∂tφ + (u · ∇)φ] dx ds +
∫
R3





∇u : ∇φ dx dt,
1 In [2, Theorem 2.1], the author claims that (8) is valid for all q ∈ [27/16,∞]; however, only the case
q ∈ [27/16, 5/2] could be verified in his paper, see the inequality just before (32).
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for each φ ∈ C∞c ([0, T ) × R3) with ∇ · φ = 0, where A : B =
∑3
i, j=1 ai j bi j for





u · ∇ψ dx dt = 0,
for each ψ ∈ C∞c (R3 × [0, T ));




‖∇u(s)‖2L2 ds ≤ ‖u0‖2L2 , 0 ≤ t ≤ T .
Now, our main result reads
Theorem 2 Let u0 ∈ L2(R3) with ∇ · u0 = 0, T > 0. Assume that u is a weak
solution to (1) on [0, T ] with initial data u0. If








− 3 ≤ q ≤ 3, (11)
then the solution u is smooth in (0, T ] × R3.
The proof of Theorem 2 will be given in Sect. 2. Before doing that, let us state our
notations used throughout the paper, and prove a multiplicative Sobolev inequality.
For simplicity of presentation, we do not distinguish between the spaces X and
their N -dimensional vector analogs XN (e.g., N = 3 for u ∈ L2(R3), N = 9 for
∇u ∈ L2(R3)); however, all vector- and tensor-valued functions are printed boldfaced.
A constant C may change from line to line, depending only on the initial data or the
norms that we have controlled. We denote by
uh = (u1, u2), ∇h = (∂1, ∂2), h = ∂1∂1 + ∂2∂2.
Generalizing (7) in [2], we have the following
Lemma 3 For each 1 ≤ q < ∞, 0 < λ < ∞, there exists some constant C such that
for each f ∈ C∞c (R3),



















where {i, j, k} is a permutation of {1, 2, 3}.
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Proof By Newton–Leibniz formula, we have
| f |2λ(q−1)+q ≤ C
∫
R
| f |(2λ+1)(q−1)|∂i f | dxi ,





| f | (2λ+1)q2 |∂ j (| f |λ)| dx j ,
| f |λ(q+1)+ q2 ≤ C
∫
R
| f | (2λ+1)q2 |∂k(| f |λ)| dxk .
Taking the sqrt of the multiplication of the above inequalities, we deduce
| f |(2λ+1)q ≤
[∫
R











| f | (2λ+1)q2 |∂k(| f |λ)| dxk
] 1
2
Integrating in the xi variable and applying Hölder inequality, we obtain
∫
R
| f |(2λ+1)q dxi ≤ C
[∫
R











| f | (2λ+1)q2 |∂k(| f |λ)| dxi dxk
] 1
2




| f |(2λ+1)q dx ≤ C
[∫
R3














































































L(2λ+1)q , we finished the proof of Lemma 3.
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2 Proof of Theorem 2
In this section, we shall prove Theorem 2.
For any ε ∈ (0, T ), due to the fact that ∇u ∈ L2(0, T ; L2(R3)), we may find
a δ ∈ (0, ε), such that ∇u(δ) ∈ L2(R3). Take this u(δ) as initial data, there exists
an u˜ ∈ C([δ, Γ ∗), H1(R3)) ∩ L2(0, Γ ∗; H2(R3)), where [δ, Γ ∗) is the life span of
the unique strong solution, see [28]. Moreover, u˜ ∈ C∞(R3 × (δ, Γ ∗)). According
to the uniqueness result, u˜ = u on [δ, Γ ∗). If Γ ∗ ≥ T , we have already that u ∈
C∞(R3×(0, T )), due to the arbitrariness of ε ∈ (0, T ). In caseΓ ∗ < T , our strategy is
to show that ‖∇uh(t)‖2 remains uniformbounded as t ↗ Γ ∗. By [33, Proposition 1.1],
we have ‖∇u(t)‖2 remains uniform bounded as t ↗ Γ ∗. The standard continuation
argument then yields that [δ, Γ ∗) could not be the maximal interval of existence of u˜,
and consequently Γ ∗ ≥ T . This concludes the proof.
By (11), we may find a Γ < Γ ∗ such that










where 0 < ε˜  1 will be determined later on.
For convenience, we rewrite the NSE (1) as
∂tuh + (uh · ∇)uh + u3∂3uh − huh − ∂3∂3uh + ∇hπ = 0,
∂t u3 + (uh · ∇)u3 + u3∂3u3 − hu3 − ∂3∂3u3 + ∂3π = 0,
∇h · uh + ∂3u3 = 0. (13)
2.1 H1 estimate
















[(u · ∇)uh] · uh dx +
∫
R3
∇hπ · uh dx +
∫
R3
[(u · ∇)u] · ∂3∂3u dx
≡ I1 + I2 + I3. (14)




[(uh · ∇h)uh] · huh dx +
∫
R3





















|∂3u| · |∇huh |2 dx +
∫
R3
|u3| · |∂3u| · |uh | dx . (15)





















π · ∇huh dx =
∫
R3












































|∂3u3| · |∇huh |2 dx +
∫
R3
|u3| · |∂3u| · |∇∂3u| dx . (17)












|∂3u| · |∇uh |2 dx + C
∫
R3
|u3| · |∂3u| · |∇∂3u| dx . (18)
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|∂3u| · |∇uh |2 dx + C
∫
R3
|u3| · |∂3u| · (|uh | + |∇∂3u|) dx
≡ J1 + J2 + J3. (19)
By Hölder and Gagliardo-Nirenberg inequalities,


























For J2, we first use Hölder inequality with








J2 ≤ C ‖u3‖La ‖∂3u‖Lb ‖(uh,∇∂3u)‖L2 ,
then invoke the interpolation and Gagliardo-Nirenberg inequalities to bound as
J2 ≤ C ‖u3‖1−ϑ1L2λ ‖u3‖ϑ1L(2λ+1)q · ‖∂3u‖
1−ϑ2




= 1 − ϑ1
2λ
+ ϑ1
(2λ + 1)q ,
1
b









, 0 ≤ ϑ1, ϑ2 ≤ 1,
(22)
and λ ≥ 3
2
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Integrating in time and denoting by

























L2 dτ, Γ ≤ t < Γ ∗, (25)
we deduce




































































≤ C + C ε˜J 2(t) + CL 1−ϑ1λ (t) · L 2ϑ12λ+1 (t) · ε˜ ϑ12λ+1+1−ϑ2 · J 1+ϑ2(t)
≤ C + C ε˜J 2(t) + C ε˜ ϑ12λ+1+1−ϑ2J 1+ϑ2(t)L 1−ϑ1λ + 2ϑ12λ+1 (t), (26)
where Hölder inequality with
ϑ1





2λ + 1 + 1 − ϑ2
)






















∂3π |u3|2λ−2u3 dx ≡ L . (28)




∂i∂ j (∂3uiu j + ui∂3u j ) = 2
3∑
i, j=1






∂i∂ j (ui∂3u j ) + 2
3∑
j=1
∂3∂ j (u3∂3u j )





RiR j (ui∂3u j ) + 2
3∑
j=1
R3R j (u3∂3u j ) ≡ π1 + π2, (29)
where Ri = ∂i√− is the Riesz transformation, which is bounded from L
r (R3)) to
itself for 1 < r < ∞.




(π1 + π2)|u3|2λ−2u3 dx











+ 2λ − 1
d
= 1. (30)
By Gagliardo-Nirenberg and interpolation inequalities,




























= 1 − ϑ4
2λ
+ ϑ4
(2λ + 1)q , 0 ≤ ϑ3, ϑ4 ≤ 1.
(31)
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By (6) and Lemma 3,







































































Putting (32) into (28), and integrating in time yields


























≤ C + C ε˜ 1−ϑ33 +1+ (2λ−1)ϑ42λ+1 J 2(1−ϑ3)3 +ϑ3(t)L (2λ−1)(1−ϑ4)λ + 2(2λ−1)ϑ42λ+1 (t) + C ε˜L2(t),
(33)











+ (2λ − 1)ϑ4
2λ + 1 = 1 (34)
is applied.
2.3 Closing estimate
By (26) and (33), we have
J 2(t) ≤ C + C ε˜J 2(t) + C ε˜ ϑ12λ+1+1−ϑ2J j1(t)Ll1(t), (35)
L2(t) ≤ C + C ε˜ 1−ϑ33 +1+ (2λ−1)ϑ42λ+1 J j2(t)Ll2(t) + C ε˜L2(t), (36)
where




j2 = 2(1 − ϑ3)
3
+ ϑ3, l2 = (2λ − 1)(1 − ϑ4)
λ
+ 2(2λ − 1)ϑ4































2λ + 1 + 1 − ϑ2
)

































+ (2λ − 1)ϑ4
2λ + 1 = 1, (38)
in view of (21), (22), (27), (30), (31) and (34).
After tedious calculations, we can solve (38) as
ϑ1 = (2λ − 3)(2λ + 1)(3 − q)
2λq + 3q + 3λ − 9 , ϑ2 = 3
λ(3 − 2q) + (5q − 6)
2λq + 3q + 3λ − 9 ,
ϑ3 = 4λ(q + 1) − (10q + 3)
2λq − q + λ − 3 , ϑ4 =
(2λ + 1)[9 + (3 − 2λ)q]
3(2λ − 1)(2λq − q + λ − 3). (39)

































16(λ − 1), 3
] [
3(4λ − 5)
2(2λ − 1), 3
] [
3λ



















By (39), (37) becomes
j1 = 4λ(3 − q) + 9(2q − 3)
2λq + 3q + 3λ − 9 , l1 =
4q − 3
2λq + 3q + 3λ − 9,
j2 = (2λ − 3)(4q + 3)
3(2λq − q + λ − 3), l2 =
21 + 10q − 6λ(2q + 1)
3(2λq − q + λ − 3) .
(43)
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When (41) and (42) holds, it is obvious that 1 ≤ j1 < 2, and we may apply Hölder
inequality to (35),
J 2(t) ≤ C + C ε˜J 2(t) + 1
2
J 2(t) + CL
2l1
2− j1 (t)
≤ C + C ε˜J 2(t) + 1
2
J 2(t) + +CL 22λ−3 (t). (44)
Now choose 0 < ε˜  1 sufficiently small such that




J (t) ≤ C + CL 12λ−3 (t). (46)
Plugging (46) into (36), and choosing ε˜ such that
C ε˜
1−ϑ3
3 +1+ (2λ−1)ϑ42λ+1 ≤ 1
4
, (47)
besides (45), we find
L2(t) ≤ C + 1
4
L 12λ−3 j2+l2(t) + 1
2
L2(t) = C + 3
4
L2(t) ⇒ L2(t) ≤ C. (48)
Combining (46) and (48), we see that ‖∇uh(t)‖L2 is uniformly bounded on t ∈
[Γ, Γ ∗) as desired. The proof of Theorem 2 is completed.
Remark 4 Cao [2] took λ = 2 to deduce (8), which corresponds to the range of q
in case λ = 2 in (40). In our paper, we treat all the possibilities to make the range
of q as large as possible. The method involves a generalized multiplicative Sobolev
inequality (see Lemma 3) and the general L2λ estimate, but not just L4 estimate. For
some applications of general L2λ estimates, we refer to [10,32], which improves [5].
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